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A f o r m  of s t rength  condition is d i scussed  for  a ma t e r i a l  that  hardens  on deformat ion,  the ca se  being 
that  of complex  loading. Tes t  resul ts ,  a r e  d i scussed  for  sands and loams  subject  to t r i ax ia l  compress ion .  
It is shown that  the c h a r a c t e r i s t i c s  of the pa r t s  must  appea r  in the s t rength  condition for  some complex  
loading paths.  The shortening of the fa i lure  curve  for  these  v a r i e t i e s  of soil  is de te rmined  by the length of 
the a rc  on the sur face  of the loading sphere .  

Pos tu la tes  of continuity, uniformity,  and lsotropic  behavior  a r e  involved in the mechan ics  of d e f o r m -  
able continua, and it is  a s s um ed  that  the s t rength is comple te ly  de te rmined  by the s t r e s s e s  a r i s ing  at points 
in the medium.  The t rans i t ion  to the yield s tate  is examined in re la t ionship  to th ree  p a r a m e t e r s ,  as  which 
one usually t akes  e i ther  the th ree  pr inc ipa l  s t r e s s e s  or  the th ree  invar iants  of the s t r e s s  t enso r  [1, 2]. 

Some s t rength c r i t e r i a  re la te  to the ca se  of s imple  or  propor t iona l  loading; the diff icult ies  a r i s ing  
in cons t ruc t ing  the fa i lure  sur face  a re  a s soc ia ted  with the effects  of the loading his tory .  The s e r i e s  used 
in soil  mechanics  as s t rength c r i t e r i a  do not take into account the behavior  during deformat ion  preced ing  
fa i lure .  The deta i ls  of p las t ic  deformat ion  in a soil  v a r y  with the loading path, and the ef fec ts  on the c u r -  
rent  and final p a r a m e t e r s  a r e  substantial ,  which i t se l f  is re f lec ted  in the magnitude of the fa i lure  s t r e s s .  
Tes t  r e su l t s  with s tee l  [3] show that  the fa i lure  l imit  is substant ia l ly  dependent on the path; the fa i lure  
cu rve  l ies  within the curve  obtained with s i mp le  loading. 

It is of in te res t  to formula te  the s t rength c r i t e r i on  for  a work-harden ing  ma te r i a l  with allowance for  
the deta i l s  of the loading p reced ing  the l imit ing state.  One a s s u m e s  that  such a condition will be dependent 
on the invar iant  c h a r a c t e r i s t i c s  of  the i so the rmal  loading, i .e.,  the geomet r i ca l  p r o p e r t i e s  such as the a re  
length and modulus of the s t r e s s  vec tor .  Pa ths  with kinks a re  of in te res t  for  soil loading, s ince these  
c h a r a c t e r i z e  combined s t r e s s e s  with unvarying s t r e s s  intensi ty  [4]. A fo rm of th is  s t rength condition is 
desc r ibed  below. 

We use a geomet r i ca l  r ep resen ta t ion  of loading [5]. We r e p r e s e n t  the s t r e s s  t enso r  ~ij in f ive -  
dimensional  space by the v e c t o r  S, while the loading is r e p r e s e n t e d  by the motion of the end of the vec to r  
along the loading path. An e lement  of a rc  is defined by 

d r  == (dS1 t + dS2 s + . . .  + dSs~)',. (1) 

where  dSl, dS 2 . . . , d S  s a r e  vec to r  e l ements  o n t h e  loading arc .  

The express ion  for  the modulus of S t akes  the f o r m  

t 
IS I = P = - ~  [(~11 - a2~) 2 + ( ~  - ~ 3 )  ~ + C ~  - ~11)~ + (2) 

+ 6 (~122 + ols ~ + ~zs ~) ]'/, 

where  fill, ff~, ff33, ff12, ff13, 0"~ a r e  components  of the s t r e s s  t ensor .  

We use the following express ion  for  the genera l  case  of loading with a kink in the path for  a soil:  

F (c, c~, ~) + uj (p, T) : 0 (3) 
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The f i rs t  t e r m  in (3) is a function of the three invariants aij  , which cha rac t e r i ze s  the limiting s t r e s s  
for  the soil for simple or  near ly  simple loads [5]. The second t e rm descr ibes  the strength change in r e l a -  
tion to the modulus of the s t r e s s  vec tor  and the path length for combined loading. It is assumed that the 
mean p r e s s u r e  a is given, while the shape of the curve  on the surface of the loading sphere does not in- 
fluence ~ .  

The boundary for  fai lure s t r e s s e s  can be const ructed  by using tes ts  on combined states of s t r e s s  with 
detailed real izable p a r a m e t e r s  for the load; exper iments  on tr iaxial  compress ion  of sand and loam enable 
one to detail the form of the functions F and ~ in (3). 

The t r iaxia l  s t r e s s  was produced by loading a hollow cyl indrical  specimen (height 80 mm, d iameters  
36 and 60 mm) by an axial force,  a torque, and hydrostat ic  p ressure .  The apparatus  enabled one to specify 
one tangential s t r e s s  and three  normal  s t r e s ses ,  while having provis ion for measur ing  the cor responding  
components of the s t ra in  tensor .  The apparatus and the cha rac t e r i s t i c s  of the soils have been descr ibed 
[4]. The tes ts  were done with a fixed value for the mean p re s su re ,  which was set at the s tar t  by hydro-  
static compress ion  of the specimen (for sand, cr =3 and 5 kgf /cm 2, while for  loam a was 5 kgf/cm2). The 
load was increased with steps, followed by stabilization of the c reep  deformation. It was assumed that the 
l imiting state had been attained if the shear  deformation occur red  at a constant  or  increas ing rate for 
unchanged s t ress .  The changes in the specimen p a r a m e t e r s  were  taken into account in p rocess ing  the 
data. 

The se r i e s  of exper iments  consis ted of three groups. In the f i rs t  group, the tes ts  were  done with a 
constant  value for the pa r ame te r  /~ = ( 2 ~ 2 - a l - a  3 ) / ( ~ l - a 3 )  o f - l ,  0, or  +1. In the second group, the 
s t r e s s  ~i increased f rom 0 to the l imit ing value and the form of the s t ressed  state a l tered or  else the two 
principal  axes of ai j  were rotated through r /4 .  

The path in the third group contained a section of combined loading at a constant  a i ;  at this stage, 
the applied loads were  chosen in such a way as to provide a p rese t  combination and sequence of values 
for  ~ between - 1  and 0, with rotat ion of the axes for the principal  s t r e s s e s  al  and a3 through ~/4. The 
p roces s  involved motion of the end of vec tor  S over  a sphere  whose radius was 3, 3.96, or  4.87 kgf /cm 2 for 
sand, while for  the loam it was 3.96 kg f / cm 2. Before and after  the range of combined s t ress ,  the specimen 
was used with unvarying /~ of - 1  or  0 and fixed posit ions of the principal  axes of the ~ij" 

We found that the mode of var ia t ion in the s t r e s s  determined the fea tures  of the strengthening [4] and 
also the s t r e s s  at which failure occur red ;  the grea tes t  s trength was obtained with simple loading for  /~ = 
- 1 ,  while the least  value was obtained for/~ =+1.  An intermediate  value for  the l imiting a i cor responded  
to ~ =0. 

Following [6], we represen t  the invarlant function F in thek~rm 

F ----'(oi)* -~ (K + Lo) (~ -- G) ~ (4) 

where (g i )*  is the l imiting s t r e s s  in a pure shear  combined with hydrostatic p r e s s u r e  a ,  while K, L, and 
G are  experimental  pa rame te r s .  

Figure 1 shows in the space of the principal  s t r e s se s  ai ,  ~2, and ~3, the sections of the fai lure surface 
by the plane a =5 kgf /cm 2 for  loam (a) and sand (b), these sur faces  being const ructed  via (4) (solid lines). 
A section of the fai lure surface is an equilateral  curv i l inear  t r iangle formed by curves  convex with respec t  
to the center  of gravity.  The simple loading paths are  denoted by 01, 02, 03, and 04, The tes t s  in the 
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second group a r e  shown by filled c i rc les .  In these cases ,  the soils failed at the same a i as in simple load- 
ing. In the third ser ies ,  the failure s t r e s ses  were reduced at most by 5-7% for  the loam and by 10-12% for 
sand relative to simple loading. Points r ,  2 ' ,  3',  and 4'  co r respond  to these tes t s  in Fig. 1. 

We found that the value of ~ ,  which cha rac t e r i ze s  the change in the failure limit, was not dependent 
on the fo rm of the curve  on the surface of the loading sphere; Fig. 2 shows the observed dependence of 
on the arc  length T, where the upper line cor responds  to sand and the lower one to loam. There  is a non- 
l inear re la t ionsh ipbe tween~ and T in both cases .  The rate of change of r falls as  the a r c  length increases .  

The following schemes i l lustrate  the position of the fai lure boundary on deformation in accordance  with 
a given p rog ram with different values for the modulus of the s t r e s s  vector :  

P 3 3.96 3.96 3.96 4.87 4.87 
~F --0.5 --0.6 -0.5 --0.55 --0.6 --0.55 

where P and ~ are  in kgf/c m 2. 

Above a cer ta in  value of P which cor responds  to the l inear  par t  of the relationship between s t r ess  
and strain, gz is uniquely determined by the path length on the surface of the loading sphere;  one can use a 
p iecewise- l inear  function of the following fo rm to approximate the experimental  resul ts :  

= r a  / (N + / t T )  (5) 

where N and R are  pa ramete r s .  

The broken line in Fig. 1 gives a section of the failure surfaee in accordance with (3) using (4) and (5). 

If the material  is capable of withstanding a tensile s t ress ,  this strength condition can be interpreted 
in the space of the principal s t r e s ses  ~1, a2, and a a in t e rms  of a l imiting surface whose ver tex  does not 
coincide with the origin. In such a case,  ~ for ~ =0 even in principle cannot become zero,  and the expres -  
sion for it must have a form different f rom (5). 

The following conclusion may be drawn. The failure l imit for  material  under simple or  nearly simple 
loading is determined by the state of s t r e s s  attained and is independent of the geometr ical  cha rac te r i s t i c s  
of the loading path. Loading with kinks reduces the.dimensions of the l imiting surface,  and the strength 
condition must include elements  of the path. 
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